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E f f e c t s  o f  d y n m i c  unbalances  a r e  de termined f o r  an 
a x i a l l y  symmet r i ca l ,  d u a l - s p i n  s p a c e  s t a t i o n  c o n s i s t i n g  of a 
r o t a t i n g  a r t i f i c i a l  g r a v i t y  s e c t i o n  and a c o n t r o l l e d ,  despun 
z e r o  g r a v i t y  s e c t i o n .  C o n f i g u r a t i o n s  w i t h  e i t h e r  a r i g i d  i n t e r -  
connec t ion  o r  a  low coup l ing  f l e x i b l e  i n t e r c o n n e c t i o n  between 
s e c t i o n s  a r e  c o n s i d e r e d .  Amplitudes of motion and c o n t r o l  sys tem 
requ i rements  a r e  compared f o r  t h e s e  c o n f i g u r a t i o n s ,  Both conf igu-  
r a t i o n s  a r e  found to e x p e r i e n c e  coning mot ions ,  For l a r g e  space 
s t a t i o n s  w i t h  r i g i d  i n t e r c o n n e c t i o n ,  CMGs a r e  found i m p r a c t i c a l  
f o r  r educ ing  coning mot ions  t o  w i t h i n  a l l o w a b l e  l i m i t s  f o r  many 
exper iments  and s p e c i a l  sys tems such a s  a c t i v e  mass b a l a n c i n g  
a r e  n e c e s s a r y .  However, f o r  a  f l e x i b l e  i n t e r c o n n e c t i o n ,  
coning mot ions  o f  t h e  despun s e e t i a n  a r e  s u b s t a n t i a l l y  reduced 
and CMGs could  be  u t i l i z e d  t o  r educe  mot ions  t o  a c c e p t a b l e  l e v e l s .  
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I n t r o d u c t i o n  
For  t h e  future,NASA i s  c o n s i d e r i n g  a  l a r g e ,  manned 
s p a c e  b a s e  v h i c h  w i l l  p r o v i d e  a r t i f i c i a l  g r a v i t y  and z e r o  
g r a v i t y  e n v i r o n m e n t s  s i m u l t a n e o u s l y  i n  s e p a r a t e  s e c t i o n s .  1 
A r t i f i c i a l  g r a v i t y  w i l l  l i k e l y  be  o b t a i n e d  b y  s p i n n i n g  of  
t h e  a r t i f i c i a l - g  s e c t i o n  s o  t h a t  o b j e c t s  w i t h i n  e x p e r i e n c e  
a  r a d i a l  a c c e l e r a t i o n  t oward  t h e  s p i n  a x i s .  However, i f  
t h e  s p i n  a x i s  o f  t h i s  s e c t i o n  i s  n o t  c o i n c i d e n t  w i t h  a  
p r i n c i p a l  a x i s  o f  i n e r t i a ,  l a r g e  i n e r t i a  t o r q u e s  a r e  i m p a r t e d  
t o  t h e  s p a c e  s t a t i o n .  These  t o r q u e s  c a n  b e  much g r e a t e r  i n  
magni tude  t h a n  g r a v i t y  g r a d i e n t ,  a e rodynamic ,  a n d  o t h e r  
e n v i r o n m e n t a l  t o r q u e s  and h a v e  a  c o r r e s p o n d i n g  g r e a t e r  
e f f e c t  on a t t i t u d e  m o t i o n s .  
Because  o f  u n c e r t a i n t i e s  i n  c o n s t r u c t i o n  and b e c a u s e  
f u t u r e  s p a c e  s t a t i o n s  w i l l  p r o v i d e  f reedom o f  movement f o r  c r e w  
members and e q u i p m e n t ,  t h e  l o c a t i o n  o f  p r i n c i p a l  a x e s  o f  i n e r t i a  
f o r  t h e  r o t a t i n g  s e c t i o n  w i l l  n o t  o n l y  b e  i m p r e c i s e l y  known b u t  
a l s o  w i l l  b e  c o n t i n u a l l y  c h a n g i n g .  C o n s e q u e n t l y ,  d e v i a t i o n s  o f  
t h e  s p i n  a x i s  f rom a  p r i n c i p a l  a x i s  of i n e r t i a  and  r e s u l t i n g  
d i s t u r b a n c e  t o r q u e s  a r e  i n e v i t a b l e .  
Fo l lowing  i s  a  d i s c u s s i o n  of t h e  e f f e c t s  o f  s m a l l  s p i n  
a x i s  m i s a l i g n m e n t s  on t h e  a t t i t u d e  mot ion  and c o n t r o l  moment 
g y r o  (CMG) r e q u i r e m e n t s  f o r  two a x i a l l y - s v m m e t r i c ,  d u a l - s p i n  
s p a c e  b a s e  c o n f i g u r a t i o n s ,  One c o n f i g u r a t i o n  i n v o l v e s  a  r i g i d  
i n t e r c o n n e c t i o n  betv;een t h e  despun  and s p i n n i n g  s e c t i o n s .  The 
ot5er i n v o l v e s  a n  i n t e r c o n n e c t i o n  which t r a n s m i t s  o n l y  low l e v e l s  
o f  t o r q u e  normal  t o  t h e  symmetry a x i s ,  The more complex low 
c o u ~ l i n g  i n t e r c o n n e c t i o n  i s  c o n s i d e r e d  b e c a u s e  it c o u l d , a s  s u g g e s t e d  
i n  Re fe rence  2 , s u b s t a n t i a l l y  r e d u c e  a t t i t u d e  mot ions  of  t h e  despun  
s e c t i o n .  
A compar i son  i s  g i v e n  h e r e  o f  t h e  a m p l i t u d e s  o f  mo t ion  
and a l s o  CMG r e q u i r e m e n t s  f o r  t h e  r i g i d  and low c o u p l i n g  i n t e r -  
c o n n e c t i o n s .  D e t a i l s  o f  t h e  s y s t e m  a n a l y s i s  a r e  cove red  i n  t h e  
a n a l y s i s  s e c t i o n  and t h e  Appendices .  
2 . 0  R e s u l t s  
A d y n a m i c a l  r e p r e s e n t a t i o n  f o r  a  s p a c e  b a s e  c o n f i g u r a t i o n  
i s  shown i n  F i g u r e  1. Low c o u p l i n g  i n t e r c o n n e c t i o n  between t h e  
s p i n n i n g  and despun  s e c t i o n s  i s  c h a r a c t e r i z e d  by t h e  g imba l  s y s t e m  
shown i n  F i g u r e  2 .  The g i m b a l  sys t em r e p r e s e n t s  i n t e r c o n n e c t i o n s  
f o r  which r e l a t i v e  mo t ions  of  t h e  s a t e l l i t e  s e c t i o n s  maybe a d e q u a t e l y  
d e s c r i b e d  by r o t a t i o n s  a l o n e .  Gimbal a x e s  t o r q u e s  a r e  assumed t o  
have  components p r o p o r t i o n a l  t o  g imba l  a n g l e  d e f l e c t i o n s  and  g i m b a l  
r a t e s .  R i g i d  i n t e r c o n n e c t i o n  be tween  b o d i e s  i s  c h a r a c t e r i z e d  by  
t a k i n g  t h e  c o n s t a n t  o f  p r o p o r t i o n a l i t y  a s s o c i a t e d  w i t h  g i m b a l  
d e f l e c t i o n s  t o  i n f i n i t y .  
Sys tem d e t a i l s  and s o l u t i o n s  t o  t h e  s p a c e  b a s e  e q u a t i o n s  
of mot ion  a r e  g i v e n  i n  t h e  a n a l y s i s  s e c t i o n .  E q u a t i o n s  o f  mo t ion  
f o r  t h e  s p a c e c r a f t  a r e  f o r m u l a t e d  i n  Appendix A. A method o f  
s u c c e s s i v e  a p p r o x i m a t i o n s  f o r  i n t e g r a t i n g  t h e  e q u a t i o n s  of  mo t ion  
and a means f o r  e s t a b l i s h i n g  a s v m p t o t i c  s t a b i l i t v  of  mo t ions  a r e  
g i v e n  i n  Appendix B.  CMG r e q u i r e m e n t s  n e c e s s a r y  t o  p r o v i d e  t h e  
p r e s c r i b e d  c o n t r o l  t o r q u e s  on t h e  despun  s e c t i o n  a r e  found  i n  
Appendix C .  
Psr  e i t h e r  a rigid i l l t e r c o r l n e c i i o n  or  %ow c v u p i i n q  
i n t e r c o n n e c t i o n ,  t h e  symmetry a x i s  of t h e  despun  s e c t i o n  t r a c e s  
a  r i g h t  c i r c u l a r  cone i n  s p a c e .  CMGs c a n n o t  s i g n i f i c a n t l y  
d e c r e a s e  t h e  c o n i n g  a m p l i t u d e  u n l e s s  compos i t e  CMG s p i n  a n g u l a r  
momentum i s  of t h e  o r d e r  s f  a  l i m i t i n g  v a l u e .  Both t h e  c o n i n g  
a n g l e  and  CMG momentum c a p a c i t y  n e c e s s a r y  t o  r e d u c e  t h i s  a n g l e  
a r e  s u b s t a n t i a l l y  less f o r  t h e  low c o u p l i n g  i n t e r c o n n e c t i o n  
t h a n  f o r  t h e  r i g i d  i n t e r c o n n e c t i o n .  
For  example ,  a  s p a c e  b a s e  c o n f i g u r a t i o n *  w i t h  r i g i d  
i n t e r c o n n e c t i o n  which h a s  been  s u g g e s t e d  f o r  s t u d y  by NASA 1 ( a )  
e x p e r i e n c e s  con ing  w i t h  a  h a l f  a n g l e  o f  0 .54"  f o r  0 .5"  s p i n  
a x i s  m i s a l i g n m e n t  and  low l e v e l s  o f  a t t i t u d e  c o n t r o l . * *  T h i s  
v a l u e  i s  u n a c c e p t a b l e  f o r  f i n e  p o i n t i n g  s p a c e  s t a t i o n  e x p e r i -  
ments3  r i g i d l y  mounted. A l s o ,  r e s u l t i n g  a c c e l e r a t i o n s  a r e  
u n a c c e p t a b l e  f o r  c r y s t a l  g rowth  and  o t h e r  e x p e r i m e n t s .  To 
s i g n i f i c a n t l y  r e d u c e  t h e  a m p l i t u d e  o f  mot ion  would r e q u i r e  t h e  
momentum c a p a c i t y  o f  more t h a n  730 CMGs o f  t h e  S k y l a b  t y p e  
(2300 f  t - l b - s e c  p e r  CMG) . 
For t h e  same s p a c e  b a s e  c o n f i g u r a t i o n  w i t h  a  low 
c o u p l i n g  i n t e r c o n n e c t i o n , t h e  despun  s e c t i o n  e x p e r i e n c e s  c o n i n g  
w i t h  a 0.037" h a l f  a n g l e  f o r  low l e v e l s  o f  a t t i t u d e  c o n t r o l .  
To s i g n i f i c a n t l y  r e d u c e  t h i s  a m p l i t u d e  would r e q u i r e  t h e  
momentum c a p a c i t y  o f  o n l y  f o u r  CMGs o f  t h e  S k y l a b  t y p e .  These  
r e s u l t s  a r e  f o r  a  g imba l  d e s i g n  i n  which t h e  g imba l  a x e s  i n t e r s e c t  
one f o o t  o r  less f rom t h e  mass c e n t e r  o f  t h e  s p i n n i n g  s e c t i o n  
and  f o r  g imba l  s t i f f n e s s  and damping c o e f f i c i e n t s  a d j u s t e d  t o  
s u i t a b l y  low l e v e l s .  I t  a p p e a r s  p r o b a b l e  t h a t  i n  p r a c t i c e  c o n i n g  
"This  c o n f i g u r a t i o n  c o n s i s t s  of  a Y-shaped r o t a t i n g  s e c t i o n  
attached to a huh with a despun s e c t i o n ,  
**This  c o r r e s p c ~ n d s  to  CMG s p i n  a n g u l a r  momentum so s m a l l  that 
t h e  CMGS do n o t  s i g n i f i c a n t l y  i n f l u e n c e  t h e  a m p l i t u d e  of  c o n i n g  
m o t i o n ,  
BELLCOMM, I N C .  -- 4 .- 
ampl i tudes  and CMG requ i rements  cou ld  be reduced f u r t h e r ,  pe rhaps  
an o r d e r  of  magni tude ,  f o r  gimbal  t o r q u e  c o e f f i c i e n t s  a d j u s t e d  
t o  lower l e v e l s .  However, v e r i f i c a t i o n  o f  s t a b i l i t y  of  t h e  re- 
s u l t i n g  motion r e q u i r e s  more g e n e r a l  a n a l y t i c  t e c h n i q u e s .  The 
most e f f i c i e n t  of  t h e s e  i n v o l v e s  computer a p p l i c a t i o n s  which re- 
q u i r e  s p e c i f i c  assumpt ions  on sys tem paramete r s .  S i n c e  t h e  main 
purpose  h e r e  i s  t o  demons t ra te  p o s s i b l e  advantages  of low c o u p l i n g  
i n t e r c o n n e c t i o n  o v e r  r i g i d  i n t e r c o n n e c t i o n ,  such d e t a i l e d  computer 
work i s  beyond t h e  scope  of  t h i s  s t u d y .  
For s p a c e  b a s e  w i t h  r i g i d  i n t e r c o n n e c t i o n ,  CMG's  do  n o t  
appear  p r a c t i c a l  i n  r educ ing  coning mot ions  induced by mass un- 
b a l a n c e s .  S i n c e  r e a c t i o n  je t  a t t i t u d e  c o n t r o l  a l o n e  i s  a l s o  i m -  
p r a c t i c a l  f o r  l o n g  d u r a t i o n  o r b i t a l  m i s s i o n s ,  s p e c i a l  sys tems such 
a s  a c t i v e  mass b a l a n c e  systems2 would have t o  be  employed. Such 
sys tems a r e  complex and r e q u i r e  a  s u b s t a n t i a l  we igh t  p e n a l t y .  A 
low c o u p l i n g  i n t e r c o n n e c t i o n  however may p r o v i d e  a  p a s s i v e  sys tem 
f o r  a l l e v i a t i n g  coning e f f e c t s  t h a t  i s  r e l a t i v e l y  s imple  and lower 
i n  we igh t .  Experiments  r e q u i r i n g  s m a l l  motions cou ld  be housed 
i n  t h e  despun s e c t i o n  which cou ld  b e  c o n t r o l l e d  by a  r e a s o n a b l e  
number o f  C M G ' s  w h i l e  t h e  s p i n n i n g  s e c t i o n  e x p e r i e n c e s  i t s  con ing  
motion. S i n c e  r e s t r i c t i o n s  on motions (wobble) r e s u l t i n g  from 
crew comfor t  r equ i rements  a r e  s u b s t a n t i a l l y  less t h a n  t h o s e  re- 
s u l t i n g  from exper iment  r e q u i r e m e n t s ,  t h e  coning motion o f  t h e  
s p i n n i n g  s e c t i o n  might  w e l l  be a c c e p t a b l e .  For  t h e  space  b a s e  
example g iven  above,  motions o f  t h e  s p i n n i n g  s e c t i o n  a r e  w i t h i n  
l i m i t s  of c u r r e n t  e s t i m a t e s 4  f o r  crew t o l e r a n c e .  
I n  c o n c l u s i o n ,  t h e  r e s u l t s  of t h e  a n a l y s i s  s e c t i o n  may 
be a p p l i e d  f o r  i n v e s t i g a t i n g  o t h e r  a s p e c t s  of a t t i t u d e  c o n t r o l  
of d u a l - s p i n  s a t e l l i t e s  than  a r e  c o n s i d e r e d  h e r e .  For e x m p l e ,  
maximum a c c e p t a b l e  misa l ignments  for s p e c i f i e d  CMG momentum and 
torque capacity and e f f e c t s  of bearing assembly f l e x i b i l i t y  can  
be determined, 
The space  s t a t i o n  d y n w i c a l  model t o  be  cons idered  i s  
shown i n  F i q . 1  and c o n s i s t s  of  two s e c t i o n s  a t t ached  by a  mass- 
l e s s  gimbal arrangement shown i n  Fig .2 .  The s a t e l l i t e  i s  s ta la i l -  
i z e d  by CMG's providing t h r e e  a x i s  c o n t r o l  on one of t h e  s e c t i o n s .  
The o t h e r  s e c t i o n  i s  assumed d r i v e n  a t  a  cons t an t  r a t e  &out  a  
l i n e  which i s  no t  a p r i n c i p a l  a x i s  of i n e r t i a  f o r  t h a t  body. (The 
r e s u l t s  f o r  ampli tudes of s a t e l l i t e  motion and CMG requirements  
w i t h  B d r iven  a r e  adequate piecewise  r e p r e s e n t a t i o n s  f o r  B f r e e l y  
sp inn ing ,  a s  d i scussed  i n  t h e  fo l lowing  s e c t i o n , )  
System d e t a i l s  and terminology a r e  given a s  fo l lows:  
The sp inn ing  s e c t i o n  i s  termed body B and t h e  o t h e r  s e c t i o n  i s  
termed body A. Both a r e  a x i a l l y  s y m e t r i c a l  wi th  p r i n c i p a l  mom- 
e n t s  o f  i n e r t i a  f o r  t h e i r  mass c e n t e r s  denoted by B3 and A > ,  
r e s p e c t i v e l y ,  i n  t h e  d i r e c t i o n s  of t h e  symmetry axes and B and I 
Al,  r e s p e c t i v e l y ,  i n  d i r e c t i o n s  normal t o  t h e  symmetry axes. For 
body B ,  t h e  mass i s  des igna ted  MBt t h e  mass c e n t e r  i s  des igna ted  
B* ,  and a  r ighthanded,  mutually or thogona l  s e t  of u n i t  v e c t o r s  
p a r a l l e l  t o  p r i n c i p a l  axes of B a t  B* i s  des igna ted  by kl,b2,b3. - 
S i m i l a r  q u a n t i t i e s  f o r  body A a r e  mass MA, mass c e n t e r  A X ,  and 
u n i t  v e c t o r s  glpd2fg3t p a r a l l e l  t o  p r i n c i p a l  axes a t  A*. 
An l i n e r t i a l l y  f i x e d  se t  of u n i t  vec tors  $ o " 2 0 , ~ 3 0 ,  is 
a at t i m e  t=8, The defined by the i n i t i a l  c r r i e n t s t i a n  of gkC&2r-I? 
o r i e n t a t i o n  o f  .z2 'a3 (and c o n s e q u e n t l y  A) at some subsequent  
time t i s  described with respect to gLoe"12 by a L,2,3 se- 
quence  of three a x i s  EuLer ang l e s  c $ ~ ~ % ~ $ ~ -  A l s o ,  the CMG con- 
t r o l  t o rque  on A i s  a s s w e d  related t o  4 1 f $ 2 & 3 F  by 
~ o d y  B is  d r i v e n  a t  a c o n s t a n t  r a t e  w abou t  a  d r i v e  a x i s  
which is s l i g h t l y  m i s a l i g n e d  from t h e  p r i n c i p a l  a x i s  i n  t h e  d i r e c t i o n  
of  b3. L e t  bl, k2 f  bj be a  r i g h t  handed s e t  of  mutua l ly  o r t h o g o n a l  
u n i t  v e c t o r s  f i x e d  i n  B w i t h  b3 i n  t h e  d i r e c t i o n  o f  t h e  d r i v e  a x i s  
and l e t  t h e  t r a n s f e r  r e l a t i o n s  between b .  and b t  be  g iven  by 
-1 -- j 
The d r i v e  a x i s  of B i n t e r s e c t s  B* and p o i n t  O which i s  
t h e  common i n t e r s e c t i o n  of  t h e  s y m e t r y  a x i s  of A and t h e  a x e s  
of  t h e  g imbal  c o n n e c t i n g  W and %, A* and B* a r e  l o c a t e d  a t  d i s -  
t a n c e s  k A  and E g ,  r e s p e c t i v e l y ,  from 0 .  R o t a t i o n s  6 about g imbal  L 
a x i s  Gl and O 2  a b o u t  gimbal  a x i s  G2 d e s c r i b e  t h e  o r i e n t a t i o n  of 
t h e  d r i v e  a x i s  of B w i t h  r e s p e c t  t o  a.a, a2, aj  a s  shown i n  F i g .  2 .  
c c  c d e s i g n a t e  u n i t  v e c t o r s  such t h a t  c  i s  p a r a l l e l  t o  
-1' --2' -3 -3 
t h e  d r i v e  a x i s ,  c2 i s  p a r a l l e l  t o  G2, and c  comple tes  t h e  m u t u a l l y  
-1 
o r t h o g o n a l  r igh t -handed  set .  Motion of  A r e l a t i v e  t o  B i s  r e s i s t e d  
by gimbal  axes  t o r q u e  - on A with components G ~ . A  a l o n g  G g i v e n  
1 i 
by 
G ~ i A  = cO ei i el;. i - E , 2  
1 ( 3 )  
These torques represent  gimbal s t i  f f n e s s  and  d i s s i p a t i o n ,  
SYSTEM _ANALUSIS 
Eaua t ions  of  Motion 
G r a v i t y  g r a d i e n t  and o t h e r  envi ronmenta l  t o r q u e s  may 
be n e g l e c t e d  i n  t h e  f o r m u l a t i o n  of  e q u a t i o n s  of  motion b e c a u s e ,  
f o r  r o t a t i o n  r a t e  w much g r e a t e r  t h a n  o r b i t a l  r a t e ,  t h e i r  magni- 
t u d e s  a r e  much s m a l l e r  t h a n  t h e  magnitude of  t o r q u e  a s s o c i a t e d  
w i t h  misa l ignment  of  t h e  s p i n  a x i s  of  B.  
Although body B i s  assumed d r i v e n  a t  a  c o n s t a n t  r a t e ,  
f o r  some a p p l i c a t i o n s  it cou ld  he  p r a c t i c a l  t o  assume z e r o  t o r q u e  
on 3 abou t  t h e  s p i n  a x i s  s o  t h a t  3 i s  f r e e l y  s p i n n i n g .  T h i s  
i m p l i e s  L d e f i n e d  i n  E q .  (A-13) v a n i s h e s .  E q .  (A-7) shows t h a t  
t h e  t i m e  d e r i v a t i v e  of  t h e  component a l o n g  c  of t h e  i n e r t i a l  
-3 
a n g u l a r  v e l o c i t y  of  3 i s  v e r y  s m a l l  f o r  s m a l l  s p i n  a x i s  m i s -  
a l ignments .  Then t h e  s p i n  speed of  3 i s  changing ve ry  s lowly  
and cou ld  be  c o n s i d e r e d  c o n s t a n t  o v e r  some i n t e r v a l  of t i m e .  
Although s i g n i f i c a n t  changes i n  mean s p i n  speed can o c c u r  o v e r  
ve ry  long  t i m e  i n t e r v a l s ,  t h e  f o l l o w i n g  r e s u l t s  f o r  ampl i tudes  
of s a t e l l i t e  motion and CMG requ i rements  w i t h  B d r i v e n  a t  a 
c o n s t a n t  speed  l i k e l y  y i e l d  adequa te  p i e c e w i s e  r e p r e s e n t a t i o n s  
w i t h  B f r e e l y  s p i n n i n g .  Spin  speeds  o f  B cou ld  be c o n s i d e r e d  
c o n s t a n t  o v e r  s u c c e s s i v e  long i n t e r v a l s  of  t i m e  w i t h  v a r i a t i o n  
i n  c o n s t a n t  v a l u e s  between i n t e r v a l s  computed by E q .  (A-7). 
The t h r e e  E u l e r  a n g l e s  m 2 ,  m 3 ,  which d e s c r i b e  t h e  
o r i e n t a t i o n  of body A r e l a t i v e  t o  i n e r t i a l l y  f i x e d  axes ,  t h e  
two gimbal  a n g l e s  e l  and 0 2 ,  and t h e  p r e s c r i b e d  r o t a t i o n  w t  of  
3 abou t  i t s  s p i n  a x i s  p rov ide  a  complete d e s c r i p t i o n  of  t h e  
s a t e l l i t e  o r i e n t a t i o n .  L i n e a r i z a t i o n  abou t  i n i t i a l  s t a t e  
C i  = 8 = 0 ,  i = 1 , 2 , 3 :  j = 1 , 2  of t h e  e q u a t i o n s  of motion formu- j 
l a t e d  from E q ,  (A-6)  - (A-13) of Appendix A y i e l d s  

where 
and 
Although l i n e a r i z e d ,  t h e s e  e q u a t i o n s  i n v o l v e  p e r i o d i c  
c o e f f i c i e n t s  and s t m d a r d  t e c h n i q u e s  f o r  a  c l o s e d  form s o l u t i o n  
a r e  n o t  a v a i l a b l e .  However, t h e y  can  b e  w r i t t e n  i n  a s t anda rd  
m a t r i x  form t h a t  w i l l  b e  s e e n  t o  have  a  s t a b l e  s t e a d y  s t a t e  
p e r i o d i c  s o l u t i o n  which may b e  r e p r e s e n t e d  th rough  a  method o f  
s u c c e s s i v e  approx imat ions  f o r  s m a l l  s p i n  a x i s  misa l ignments ,  
Now, e s t a b l i s h m e n t  of a  new independen t  v a r i a b l e ,  
t h e  writing of Eqs. ( 4 ) -  ( 8 )  i n  terms of T , s o l u t i o n  of t hese  
I t  
e q u a t i c n s  f a r  my, $;, @;, @;, 9 ,  and definition of 
a long  with 
nll = e1k1/A n12 = e2a/n n13 = (ah12+elhll)/A 
n14 = elko/A n15 - (aho2+elhOl) / A  
n = kl/A 21  "22 = e 2 / A  = (h12+hll)/A 
n 2 4  = ko/A n  25 = ( h  0 2  +h 0 1  ) / A  
n = k13 31  n32 = k03 A = e  I - ~  
where 
a = MI! R / J ~  k1 = K ~ / W J ~  2 A B k g  = KO/u J~ hll = C ~ / W J - , -  
2 
hO1 = C O / ~  Jl 
k13 = K 1 3 / ~ J 3  
2 
k o 3  = KO3/@ J3  
and 
J I  = Al+MR ( R  +I! ) A A B  J2 = Bl+MR (0 -I-& B "A E3 J3 =: A +B 3 3 
d - B / J 2  
y i e l d s  e q u a t i o n s  of mot ion  i n  a s t anda rd  ma t r ix  form, 
Constd%%$ vllatrlx D and eol vector g are given  by 
BELLCOMM, %NC. 
where 
dl = d / [ ~  + terms of o r d e r  2 and h ighe r  i n  b13' bZ3I ( 1 9 )  
The ma t r ix  P ( T ,  LI) i s  p e r i o d i c  i n  T w i t h  pe r iod  2n w i t h  a l l  e l e -  
ments p r o p o r t i o n a l  t o  f i r s t  and h i g h e r  powers i n  b13 and bzj 
Consequently, f o r  bl3=bZ3=O then  ;.i==O and both F ( T  , 0 )  and g (T, 0 )  
a r e  ze ro ."  
A s  d i scussed  i n  Appendix B ,  Goddington and Levinson 5 
have e s  taibl ished a method of s u c c e s s i v e  approximations f o r  de t e r -  
mining p e r i o d i c  s o l u t i o n s  t o  s y s t e m  of  equa t ions  w i t h .  a small 
r e a l  cons t an t  v e c t o r  LI provided c e r t a i n  condi t ions  are  s a t i s f i e d .  
These cond i t i ons  app l i ed  t o  Lke problem a t  hand a r e  
i )  x' =f (T, x.0) =Dx has no p e r i o d i c  s o l u t i o n  of pe r iod  2n o t h e r  than 
t h e  t r i v i a l  s o l u t i o n  x=O, ii) f ( r , x , p )  i s  a n a l y t i c  i n  ( x , ~ )  f o r  
I u 1  smal l .  Furthermore,  iii) if t h e  r e a l  parts of t h e  charac- 
t e r i s t i c  r o o t s  s f  mat r ix  D a r e  a l l  nega t ive ,  then t h e  p e r i o d i c  
s o l u t i o n  t o  E q .  (15) is  a sympto t i ca l ly  s t & l e  f o r  1 11 1 sma l l ,  Then, 
i n  %he s t eady  s t a t e ,  f o r  i n i t i a l  cond i t i ons  x / r=o  s u f f i c i e n t l y  
small, a P L  s o l u t i o n s  to E q .  ( 1 5 )  approach the p e r i o d i c  s o l u t i o n  
r e p r e s e n t e d  by t h e  method c f  succcssivc approximations, 
"This essrespsnds to the drive a x i s  a l i q n e d  alonq ci p r k n c i -  
p a l  a x i s  of inertia, 
A l s o ,  f o r  the c o n d i t i o n  of statement iii) s s t i a f i e d ,  
s t a t e m e n t  i) i s  a l s o  s a t i s f i e d  and it i s  on ly  necessapj to tes t  
Eq.(15) w i t h  r e s p e c t  t o  s t a t e m e n t s  ii) and i ii), 
S i n c e  f  i n v o l v e s  o n l y  t h e  f i r s t  power i n  x, it i s  
obv ious ly  a n a l y t i c ,  i .e. , r e p r e s e n t & l e  by a  convergen t  power 
ser ies ,  i n  x. I t  may b e  shown that f  i n v o l v e s  r a t i o n a l  func- 
t i o n s  of b13, b Z 3  and a l l  o f  which a r e  a n a l y t i c  f o r  
/ ~1<<1. P r o d u c t s ,  q u o t i e n t s  and sums o f  t h e s e  i n  f  a r e  a l s o  
a n a l y t i c  s i n c e  t h e r e  r e s u l t s  no p o l e s  (i. e . ,  f  bounded) f o r  
s m a l l  I 1 . Consequent ly ,  f  i s  a n a l y t i c  and i s  r e p r e s e n t a b l e  by 
a  convergen t  power s e r i e s  i n  (x, u) Condi t ion  ii) i s  s a t i s f i e d .  
Routhian a n a l y s i s 6  may b e  used t o  check c o n d i t i o n  
iii) whether  a l l  c h a r a c t e r i s t i c  r o o t s  s f  m a t r i x  D have n e g a t i v e  
r e a l  p a r t s .  However, f o r  t h i s  c a s e  Routhian t e c h n i q u e s  r e q u i r e  
expans ion  o f  d e t e r m i n a n t s  o f  up t o  o r d e r  t e n .  Th i s  process may 
b e  made manageable by t a k i n g  advan tage  o f  t h e  p r o p e r t i e s  of the  
two s a t e l l i t e  c o n f i g u r a t i o n s  of concern ,  
F o r  r i g i d  i n t e r c o n n e c t i o n  between s a t e l l i t e  s e c t i o n s ,  
Co i s  ve ry  l a r g e  and n  and n Z 5  a r e  v e r y  much g r e a t e r  t h a n  t h e  1 5  
Other 
o f  m a t r i x  D, 
A s  p r e v i o u s l y  ment ioned,  a  d e s i g n  t h a t  a t t e n u a t e s  t h e  
effect of t h e  motion o f  B on that of W i s  d e s i r e d ,  E q s .  ( 7 )  and 
( 8 )  show t h a t  the motion of A is decoupled from the motionn of B 
i f  M b ~ U B  C O B  C; are zero ,  Alkhougb s e r s  values  canno t  he 
dckraeved lin p rac tbce ,  %hiis i u g y e s t s  satellite deslgn S O  t h a t  
these are small, This hew c o u p l i n g  design is characterized by 
regarding n a% a% n,, as s m a l l  compared to the other 12' 1 3 '  n158 23' L J  
n  of  m a t r i x  D, T h i s  co r responds  t o  r e l a t i v e l y  small g i a a l  i j 
a x i s  t o r q u e s  and t o  l o c a t i n g  t h e  i n t e r s e c t i o n  of t h e  g i h a l  axes  
c l o s e  t o  t h e  mass c e n t e r  o f  A o r  B .  
The above c o n s i d e r a t i o n s  e n a b l e  one  t o  n e g l e c t  h i g h e r  
o r d e r  powers of  s m a l l  pa ramete r s  i n  t h e  expans ion  o f  t h e  Routkian  
d e t e r m i n a n t s  and c o n d i t i o n s  f o r  a l l  t h e  c h a r a c t e r i s t i c  r o o t s  o f  
m a t r i x  D t o  have  n e g a t i v e  r e a l  p a r t s  a r e  found t o  b e  
f o r  a c o n f i g u r a t i o n  w i t h  r i g i d  i n t e r c o n n e c t i o n  and 
f o r  a  c o n f i g u r a t i o n  w i t h  low c o u p l i n g  i n t e r c o n n e c t i o n ,  
Consequent ly ,  f o r  E q ,  ( 2 0 )  o r  (21)  s a t i s f i e d ,  t h e  eon- 
d i t i o n  o f  s t a t e m e n t  iii) i s  s a t i s f i e d  and f o r  l u l  and x I T = O  s m a l l ,  
t h e  method o f  s u c c e s s i v e  approx imat ions  may b e  a p p l i e d  t o  d e t e r -  
mine t h e  s t e a d y  s t a t e  s o l u t i o n s  s f  E q .  ( 1 5 ) .  Carry ing t e r m s  t o  
f i r s t  powers i n  b13 and bZ3' 
and  
For s m a l l  misa l ignments  b13, b 2 3  o f  the d r i v e  axis  s f  
B, E r j s ,  (22) and (23) g i v e  f i r s t  order approx imat ions  t o  satellite 
motion f o r  either r i g i d  i n t e r c o n n e c t i o n  (h 0 1 "  hOZ very Large) or 
low c 2 u p l i n g  i n t e r c o n n e c t i o n  (h 01' h02' hllf hh32r and a v e r y  
s m a l l )  between A and B (See Eg,(13)f, 
Discussion of S o l u t i o n  
Rigid I n t e r c o n n e c t i o n :  
For small amplitude motions, the angle  9 which the 
I' 
s:Jnr3, : 1-.iyr rixltrj c f  A makes w i t h  its nosrtinal d i r e c t i on  ( t h a t f o r  
an2 t a k i n g  ilOl and hG2 to i n f i n i t y  i n  Eq.  (26) gives 
where 
S i n c e  qr i s  c o n s t a n t  w i t h  r e s p e c t  t o  t i m e ,  t h e  symmetry axis 
once each p e r i o d  T = ~ T T / w  s e c t r a c e s  a  r i g h t  c i r c u l a r  cone with hal f  
a n g l e  
For  s a t e l l i t e  motion g i v e n  by t h e  s o l u t i o n s  m l ,  m 2 ,  
$ 3 t  t h e  minimum magnitude of  CMS a n g u l a r  momentum n e c e s s a r y  
t o  p r o v i d e  t h e  c o n t r o l  t o r q u e  of Eq. (1) i s  de te rmined  as  shown i n  
Appendix C. 
where 
Now t h e  v a l u e s  o f  $r/Sr and H,/HO, can b e  p l o t t e d  
against R for varying R1. Hswever, the nature o f  t h e s e  c u r v e s  0 
depends upon w h e t h e r  B3-S i s  greater than or less t h a n  zero.  
aef i ni rrg 
where t h e  p o s i t i v e  s i g n  i s  t aken  f o r  B J - J > O ,  and t h e  negative 
s i g n  i s  taken fo r  B3-J<O, Figs. 3 and 4 show t h e  v a r i a t i o n  o f  
+= + 
+,/6, and %/Hor w i t h  r e s p e c t  of RO and Rl and F igs .  5 and 6 
show the  v a r i a t i o n  o f  +JSr  and %/HOr wi th  r e s p e c t  t o  R; and R;. 
These p l o t s  r e v e a l  t h e  fol lowing:  
1) For a  s a t e l l i t e  w i th  B 3 - J < O ,  va lues  o f  KO 
2 i n  t h e  reg ion  of K - w  (J-Bj) should be  0- 
avoided. 
+ + 2 )  For dec reas ing  Ro ,  RL o r  R;, R; correspond- 
i n g  t o  dec reas ing  GMG s p i n  angula r  momentum, 
t h e  s a t e l l i t e  coning angle  approaches 
This l i m i t i n g  va lue  of  + = S r  i s  h e r e a f t e r  
r 
c a l l e d  t h e  l i g h t  c o n t r o l  coning angle .  
+ -I- - For i n c r e a s i n g  R R o r  R;, R l ,  t h e  c o n t r o l  mment O P  1. 
gyros cannot have s i g n i f i c a n t  e f f e c t  i n  decreas ing  t h e  s a t e l l i t e  
coning angle  u n t i l  t h e  magnitude s f  t h e i r  composite s p i n  angu la r  
momentum i s  of .Isbe o r d e r  of t h e  l i m i t i n g  va lue  
Low Coupling Interconnection : 
For a %ow coup l i ng  interconnection between bodies A 
and B, it can l i k e w i s e  be shorn t h a t  t h e  s y m e t r y  a x i s  of A 
traces a r i g h t  c i r c u l a r  cone w i t h  h a l f  mgle q k  once each period 
where 
and O2 (hOl, h O Z ,  hll,  h12 , a )  i s  a term of  f i r s t  o r d e r  i n  b13 and 
b23 m u l t i p l i e d  by second and h i g h e r  powers of hOl, hoar hll, h12.a 
and consequent ly  may be neg lec t ed ,  Also, dropping h i g h e r  powers 
i n  t h e s e  smal l  parameters ,  t h e  minimum magnitude B, of CMG angula r  
momentum necessary t o  provide t h e  c o n t r o l  to rques  of  Eq. (1) i s  
determined a s  shown i n  Appendix C. 
where 
The p l o t s  of q e / 6 ,  and i?,/HOa a r e  s i m i l a r  t o  t h e  
p l o t s  of F i g ,  5 and F i g .  6 where t h e  o r d i n a t e s  a r e  r ep l aced  by 
$ e / 6 L  and F i L / ~ O a .  and  R; and R; are r ep l aced  by kg and kl, respect- 
i v e l y .  The  following obsemat ions  may be made, 
2 I) Values o f K K ,  in the reg-ion KO=@ Ji should be 
2) The s a t e l l i t e  controL system i s  r iot capable 
o f  p roduc ing  s i g n i f i c a n t  r e d u c t i o n s  i n  t h e  
magnitude o f  the con ing  a n g l e  from t h e  
l i g h t  c o n t r o l  v a l u e  Qg.=-rSR u n l e s s  t h e  magni- 
t u d e  o f  t h e  CMG composi te  a n g u l a r  momentum 
i s  a t  l e a s t  t h e  o r d e r  of magnitude of  t h e  
l i m i t i n g  v a l u e  ==H a o a -  
Now t h e  con ing  a n g l e  s f  W and c o n t r o l  sys tem r e q u i r e -  
ments f o r  a s a t e l l i t e  w i t h  a  l o w  c o u p l i n g  i n t e r c o n n e c t i o n  a r e  
corngared t o  t h o s e  f o r  t h e  same s a t e l l i t e  w i t h  a r i g i d  i n t e r -  
c o n n e c t i o n ,  The r a t i o  o f  L igh t  c o n t r o l  con ing  a n g l e s  i s  
A c o r r e s p o n d i n g  r a t i o  o f  m i n i m u  v a l u e s  o f  CMG composi te  angular 
momentum n e c e s s a q  t o  s i g n i f  i can%%y seduce  t h e  l i g h t  c o n t r o l  
coning a n g l e s  i s  
Consequent ly ,  f o r  b o l t  a ,  hilt s m a l l  q u a n t i t i e s  c o r r e s p o n d i n g  t o  
small gi&a& axes to rque  coefficients and  the gianbak axes i n t e r -  
sec t ion  located near the mass center o f  A or B, both the rnagni- 
t ~ 2 e  o f  the l i g h t  I -on t ro l  cnr ' i inc~ a n g l e  a n d  ccsntras l system 
r e q u i r e m e n t s  necessary to reduce t h a t  a n g l e  can be s u b s t a n t i a l l y  
smaller f o e  a J ow c o u r ~ l  ing i n t e j - c o n n e c t i o n  between t h e  spnnn inq  
and despun b o d i e s  than  fo r  a r i g i d  i n t e r c o n n e c t i o n ,  
T h i s  can he f u r t h e r  illustrated by example, NASA h a s  
s u g g e s t e d  f o r  s t u d y  l a r g e  s p a c e  b a s e  t h a t  c o n s i s t s  o f  a  
hub w i t h  a n o n - r o t a t i n g  s e c t i o n  and a  r o t a t i n g  s e c t i o n  t o  which 
t h r e e  spokes  a r e  a t t a c h e d  i n  a  Y f a s h i o n  and t h a t  i s  s p i n n i n g  
s o  a s  t o  p r o v i d e  an a r t i f i c i a l  g r a v i t y  compartment a t  t h e  extrem- 
i t i e s  s f  one o f  the spokes ,  To w i t h i n  NASA'S margin of e r r o r  f o r  
mass e s t i m a t e s ,  t h e  s p a c e  b a s e  i s  assumed t o  b e  a x i a l l y  symmetri-  
c a l  with t h e  f o l l o w i n g  mass p r o p e r t i e s .  
B3 = 9 . 5 ~ 1 0 ~  s l u g - f t  2 M~ = 1 . 1 x 1 0 4  slugs 
~g = 3 . 1 ~ 1 0 ~  s l u g s  
A d d i t i o n a l  d a t a  was n o t  a v a i l a b l e .  However, t h e  s p i n n i n g  s e c t i o n  
B p r e s e n t s  a f l a t  p r o f i l e  and i t s  i n e r t i a  c h a r a c t e r i s t i c s  approach 
t h o s e  of a  p l a n e  f i g u r e ,  Hence, t h e  f o l l o w i n g  appears  r e a s o n a b l e  
Bl = 4 . 8 5 ~ 1 0 ~  s l u g - f t  2 
and 
Wow due t o  u n c e r t a i n t i e s  i n  c o n s t r u c t i o n ,  structural 
deformations, an? re locat ions  of men and equipment ,  misalignment 
of 0-5" arid nzore of the s p l i ~ n i n g  s e c t i o n  p u i n c i p d l  a x i s  o f  
z n e r t l a  f r o m  rhe spin axis appears poss ib l e ,  
By Eq- f 3 2 )  , a 0 , 5 "  misa l ignment  results i n  a l i g h t  
c o n t r o l  coning a n g l e  o f  I) = 6  ==0.54'. A con ing  a n g l e  of  0 .54°  i s  
r r 
l i k e l y  u n a c c e p t a b l e .  T h i s  a m p l i t u d e  of  motion i s  o u t s i d e  t h e  
f i n e  p o i n t i n g  r e q u i r e m e n t s  f o r  many exper iments  p lanned  f o r  
3  f u t u r e  s p a c e  s t a t i o n s  . ~ l s o ,  f o r  t h i s  ampl i tude  and w=4rpm, 
l o c a t i o n s  a t  d i s t a n c e s  g r e a t e r  t h a n  f o u r  f e e t  from t h e  s p a c e  b a s e  
mass c e n t e r  e x p e r i e n c e  i n s t a n t a n e o u s  a c c e l e r a t i o n s  g r e a t e r  t h a n  
- 4  10 g. Some e x p e r i m e n t s ,  such  a s  t h o s e  i n v o l v i n g  c r y s t a l  growth,  
-5  
r e q u i r e  a c c e l e r a t i o n s  perhaps  less t h a n  10 g .  
Now i f  f o r  t h e s e  o r  o t h e r  r e a s o n s  t h e  coning a n g l e  
i s  u n a c c e p t a b l e ,  t h e n ,  a s  d e c l a r e d  i n  s t a t e m e n t  2 )  above,  f o r  a  
s i g n i f i c a n t  r e d u c t i o n  t h e  CMGs must have a  momentum c a p a c i t y  o f  
a t  l e a s t  t h e  o r d e r  o f  Hol For  w=4rprn,Eq. (33)  g i v e s  %=H = Or 
1.69 x106 f t - l b - s e c ,  a  v a l u e  f a r  beyond t h e  c a p a c i t y  o f  e x i s t i n g  
CMGs,  2300 f t - l b - s e c  p e r  CMG f o r  t h e  Skylab  t y p e .  
Now f o r  t h e  same c o n f i g u r a t i o n  des igned  w i t h  a  l o w  
c o u p l i n g  i n t e r c o n n e c t i o n ,  t h e  pa ramete r  a  can be  made less t h a n  
4x10--' by c o n s t r u c t i n g  t h e  g imbal  sys tem such  t h a t  the g imba l  
axes  i n t e r s e c t i o n  l i e s  one  f o o t  o r  less from t h e  mass c e n t e r  o f  
e i t h e r  body, Also ,  even f o r  gimbal  axes  t o r q u e s  of  t h e  o r d e r  of  
a  thousand f o o t  pounds, hOl and hl l  a r e  less t h a n  0 ,05 .  
Consequen t ly ,  t a k i n g  a = 4 x l 0 - ~ ,  hOl=hll=O 0 5 ,  "=1 f t 
and u s i n g  E q ,  ( 3 8 1 ,  6 = 0 . 0 6 8 ~ 6 ~ = 0 . 0 3 7 " .  A l s o ,  f o r  a s i g n i f i c a n t  Q 
reduction in this con ing  ang l e ,  the CMGs must have a momentum 
capac i ty  of a t  ' least t h e  order  of H ok. From Eq, (391, 
-2 KOE=0,537xl0 x H O r  ==9100 f t - l b - s e e ,  a v a l u e  which cou ld  be pro-  
v i d e d  by f o u r  Skylab  C M G s ,  
In prac t ice  v a l u e s  of h and b much less t h a n  6 . 0 5  
i)l E l  
p robably  can b e  o b t a i n e d .  Although t h e s e  p o t e n t i a l l y  o f f e r  
g r e a t e r  r e d u c t i o n s  i n  motion and c o n t r o l  r e q u i r e m e n t s ,  such 
s m a l l  hOl and hll  a r e  n o t  c o n s i d e r e d  h e r e  due t o  mathemat ica l  
compl ica t ions  r e s u l t i n g  from t h e s e  q u a n t i t i e s  approaching t h e  
s i z e  of  t h e  measure 1 p l  o f  s p i n  a x i s  misa l ignment .  Q u e s t i o n s  o f  
s t a b i l i t y  a r i s e  because  it i s  n e c e s s a r y  t o  c o n s i d e r  h  and h l l  0 9 
a s  b e i n g  o f  t h e  o r d e r  of  1 ~ 1  s o t h a t  te rms i n v o l v i n g  t h e s e  a r e  
s h i f t e d  from m a t r i x  D t o  m a t r i x  F i n  Eq. ( 1 5 ) .  Then D has  z e r o  
c h a r a c t e r i s t i c  r o o t s  and t h e  f o r e g o i n g  s t a b i l i t y  a n a l y s i s  does  
n o t  apply .  
N e v e r t h e l e s s ,  i t  seems p r o b a b l e  t h a t  s t a b i l i t y  d i f f i -  
c u l t i e s  do n o t  o c c u r  e x c e p t  f o r  imaginary  p a r t s  o f  t h e  c h a r a c t e r -  
i s t i c  r o o t s  f o r  m a t r i x  D of  E q .  (15)  i n  t h e  r e g i o n s  of  2nn, 
n = ~ 1 , ? 2 , * * ~  and f o r  sys tem d e s i g n  t o  a v o i d  t h e s e  r e g i o n s ,  v e r y  
s m a l l  v a l u e s  o f  h and hll and cor respond ing  ve ry  s m a l l  motions 0 1  
and c o n t r o l  r equ i rements  cou ld  b e  ach ieved .  However, t o  v e r i f y  
t h i s  s u p p o s i t i o n  r e q u i r e s  more g e n e r a l  t e c h n i q u e s ,  t h e  most 
p r a c t i c a l  p robab ly  b e i n g  numer ica l  F l o q u e t  a n a l y s i s .  S i n c e  t h e  
main purpose  o f  t h i s  s t u d y  i s  t o  demons t ra te  t h a t  low c o u p l i n g  
i n t e r c o n n e c t i o n  may o f f e r  advantages  o v e r  r i g i d  i n t e r c o n n e c t i o n ,  
such a d e t a i l e d  computerized approach r e q u i r i n g  s p e c i f  i e  c h o i c e s  
cf system paramete r s  i s  beyond t h e  scoDe of t h i s  dark, 
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FORMULATION OF EOUATIONS O F  MOTION 
Neglect ing g r a v i t y  g r a d i e n t  and o t h e r  environmental  
t o r q u e s ,  t h e  equa t ions  of  motion of bodies  A and B may be  
w r i t t e n  
dHA - 
- = B ~ A  + L A  a  x B ~ A  + C ~ A  B A 
- -3 - - M ~ V A = ~ F ~ +  F d t  Adt - - - 
where - H ~ ,  - HB a r e  t h e  angula r  momenta of A and B r e s p e c t i v e l y ,  
BTA BFA 
a r e  t h e  t o rque  and f o r c e  of  B on A ,  GFA GFB 
- f - - ' - a r e  t h e  
f o r c e s  of g r a v i t y  on A and B ,  vA - i s  t h e  i n e r t i a l  v e l o c i t y  o f  t h e  
mass c e n t e r  A* of A ,  - V i s  t h e  v e l o c i t y  of mass c e n t e r  B* o f  B 
r e l a t i v e  t o  A*, and t h e  remaining q u a n t i t i e s  a r e  def ined  i n  t h e  
a n a l y s i s  s e c t i o n .  
The two t r a n s l a t i o n a l  vec to r  equa t ions  of  motion can 
be  so lved  f o r  B ~ A  - a f t e r  e l imina t ing  @. - 
The forces of gravitational attraction are given by 
where v is a gravitational constant, RA, % are t h e  magnitudes 
and u n i t  vec to r s  gAI E~ a r e  i n  t h e  d i r e c t i o n s  of t h e  v e c t o r s  from 
A*, B*, r e s p e c t i v e l y ,  t o  t h e  mass c e n t e r  of t h e  a t t r a c t i n g  body. 
For dimensions of t h e  s a t e l l i t e  very s m a l l  i n  comparison t o  R A'  
then  
and 
t o  w i t h i n  terms of o r d e r  o f  RA/RA, !L /R s o  t h a t  B A 
and 
The angula r  v e l o c i t i e s  - wA of A and wB of  B can be shown t o  have 
- 
t he  form 
= = c i a  E-L "222 + a d  3-3 
B are determined by resolving the right side of where B1, B 2 ,  
Eq. (A-9) i n t o  components a l o n g  p r i n c i p a l  axes  o f  B. Now - and 
B H may be  w r i t t e n  
- 
Also ,  - V may b e  w r i t t e n  
The r e a c t i o n  t o r q u e  B ~ A  of B and A i s  g i v e n  by 
where G ~ A  - i s  g i v e n  by Eq. ( 3 )  and L is  an unknown component i n  t h e  
d i r e c t i o n  of t h e  s p i n  a x i s  o f  B .  S u b s t i t u t i o n  of  Eqs.(A-8) - 
(A-13) i n t o  Eqs. (A-6) and (A-7) y i e l d s  s i x  e q u a t i o n s  of motion i n  
s i x  unknowns $* ,  $ 3 ,  e 2 ,  L -  
PERIODIC SOLUTIONS TO A SET OF DIFF 
Coddington and ~ e v i n s o n ~  have set  f o r t h  s u f f i c i e n t  
cond i t i ons  f o r  e x i s t a n c e  and asymptot ic  s t a b i l i t y  of p e r i o d i c  
s o l u t i o n s  t o  a  se t  of  d i f f e r e n t i a l  equa t ions  of t h e  form 
where x i s  a  column v e c t o r  wi th  n components, f  i s  p e r i o d i c  i n  
T of pe r iod  T, and p may be a  r e a l  cons t an t  vec to r .  I n  a d d i t i o n ,  
a  method of succes s ive  approximations i s  e s t a b l i s h e d  f o r  determ- 
i n i n g  t h e s e  p e r i o d i c  s o l u t i o n s .  
Following i s  a  b r i e f  o u t l i n e  of  t h e  d i scuss ions  o f  
Ref. ( 5 )  wi th  a  s l i g h t  modi f ica t ion  i n  t h e  s ta tement  of t h e  
method of s u c c e s s i v e  approximations a l lowing p t o  be  a  column 
v e c t o r  wi th  two components r a t h e r  t han  a  s c a l e r .  
For each r ,  l e t  f  be a n a l y t i c  ( i . e . ,  each f i r  i = b ,  ... rn 
i s  r e p r e s e n t a b l e  by a  convergent power s e r i e s )  i n  (x, l l)  f o r  I u 1  
smal l  and cons ider  t h e  ca se  where E q .  ( B - 1 )  wi th  u=O has a so lu-  
t i o n  p  of pe r iod  T. Defining t h e  f i r s t  v a r i a t i o n  of  Eq. (B-1)  
Theorem 1 If Eq .  (B-2 )  has  no s o l u t i o n  o f  period T other t h a n  
t h e  t r i v i a l  s o l u t i o n  y=O, t hen  f o r  small l u l  E q .  ( B - I )  has a 
unique s o l u t i o n  q = q ( r  , u )  p e r i o d i c  i n  r  of  pe r iod  T wi th  q ( ~  , O ) =  
P ( T )  
~ l s o ,  it may be shown t h a t  q i s  a n a l y t i c  i n  u f o r  smal l  
I u )  and any r .  Then, q ( p , r )  has a convergent power s e r i e s  repre-  
s e n t a t i o n  which f o r  u a column vec to r  w i th  dimension two p = 
has t h e  form 
Also, by assumption f ( T  ,q  ( T ,  u )  , u )  has a power s e r i e s  
r e p r e s e n t a t i o n  and s u b s t i t u t i n g  t h i s  t oge the r  wi th  Eq.(B-3) i n t o  
Eq. (B-1 )  and equa t ing  powers of u 1' u 2 f  t h e r e  r e s u l t s  
w h e r e  p ( o '  (T) = p ( T I  S i n c e  q i s  known t o  exist as an a n a l y t i c  
f m c t i o n  sf D, the sys tem ( B - 4 )  provides that solution. Suffi- 
c i e n t  condi+isns f o r  s t a b i l i t y  sf q f o l l o w :  
Theorem 2 if the real pa r t s  of the cha rac t e r i s t i c  exponents of 
E q .  ( B - 2 )  a r e  a l l  nega t ive ,  then t h e  s o l u t i o n  q = q ( r , p )  of Eq. ( B - 1 )  
i s  asympto t ica l ly  s t a b l e  provided 1 p 1 and 1 x 1 
-r=o are small. 
APPENDIX C 
ANGULAR MOP/IENTUM BEQUIREmNTS FOR CMGs 
The e q u a t i o n s  of motion f o r  t h e  CMG c o n f i g u r a t i o n  may 
b e  w r i t t e n  i n  t e r m s  o f  the c o n f i g u r a t i o n  composi te  s p i n  a n g u l a r  
momentum - H C ,  o u t p u t  t o r q u e  'TA, - and a n g u l a r  v e l o c i t y  wA of body 
- 
O r ,  w r i t t e n  i n  t e r m s  o f  components a s s o c i a t e d  w i t h  t h e  d i r e c -  
t i o n s  o f  t h e  t h r e e  CMG o u t p u t  axes  
Now t h e  v a l u e  of t h e  u i  component o f  w A  i s  e q u a l  t o  
- 
i = 1 , 2 , 3 ,  t o  t h e  f i r s t  power i n  b 1 3 1 ~ 2 3  and s u b s t i t u t i o n  of  
$i from E q .  ( 2 2 )  f o r  ai i n  Eqs. ( C - 2 )  - (C-4)  y i e l d s  
Mult ip ly ing  E q .  (C -5 )  by & L ,  E q .  ( C - 6 )  by 4 and adding the 2 
r e s u l t ,  i t  can be shown us ing  E q s .  (15) and (16) t h a t  
where P i s  a  term involv ing  R and R1 o r  kg and kl ,  which 0 
impl ies  t h a t  H1 and H2  a r e  p r o p o r t i o n a l  t o  b13,b23 and, by 
~ q .  (C-7), H i s  p ropor t iona l  t o  terms of  second o rde r  i n  b  3  131b23' 
Then, t o  t h e  f i r s t  power i n  b131b23, 
Now E q .  (C-9) can be i n t e g r a t e d  us ing  E q .  (22) and con- 
s i d e r i n g  t h e  mean va lue  of H 1' H 2 ,  H t o  be zero i n  o rde r  t o  ' 3  
C minimize I H  I , t h e  minimum magnitude of angula r  momentum i s  
- 
then given by 
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